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1. Problems 3.7.32 and 3.7.33 of Prof. Flaschka’s notes.

(3.7.32) Prove: if a sequence x(n) converges strongly (in the norm topology) to 0 in
l2(R,N), then it converges weakly to 0. (You can prove this by verifying the condition
in Proposition 3.7.11, or by comparing the weak and strong topologies.)

Proof. We will use proposition 3.7.11, that says a sequence x(n) ∈ l2 converges weakly
to x iff the sequence of inner products 〈x(n) − x, a〉 converges to 0 in R for all a ∈ l2.
Because x(n) converges strongly to 0, then we have

||x(n) − 0||2 = ||x(n)||2 → 0, inR.

Now let a ∈ l2, that is ||a||2 = C <∞. By the triangle inequality

|〈x(n), a〉| =
∣∣∣∣ ∞∑
i=0

x
(n)
i ai

∣∣∣∣ ≤ ∞∑
i=0

|x(n)
i ai|.

Now use Hölder’s inequality,

|〈x(n), a〉| ≤ ||x(n)||2||a||2 = C||x||(n)||2 → 0.

Therefore, strong convergence implies weak convergence.

(3.7.33) Does the sequence {xn} converge weakly to zero in L2
0([0, 1])?

Solution.

Claim. {xn}⇀ 0 in L2
0([0, 1]).

Proof. We want to show that for all f ∈ L2
0([0, 1]), 〈xn, f〉 → 0. For such f , we have

|〈xn, f〉| ≤
∫ 1

0

|xnf(x)|dx ≤
(∫ 1

0

|xn|2dx
)1/2

||f ||2 =
√

1/(2n+ 1)||f ||2 → 0.

So, the claim is true.

2. Nonlinear functions are generally not continuous with respect to weak con-
vergence.

(a) Problem 3.7.34 of Prof. Flaschka’s notes.

Set fn(x) = sinnπx on [0, 1]. Show that f 2
n converges weakly to the function 1/2 in L2.

(Hint: f 2
n(x) = (1− cos 2nπx)/2. Now show that cos 2nπx converges weakly to zero.)
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Solution. Consider

|〈f 2
n − 1/2, a〉| =

∣∣∣∣∫ 1

0

(sin2(nπx)− 1/2)a(x)dx

∣∣∣∣.
Now use the trigonometric identity, sin2(nπx) = (1− cos(2nπx))/2,

|〈f 2
n − 1/2, a〉| ≤

∫ 1

0

a(x) cos(2nπx)/2dx.

If gn(x) =
√

2 cos(2nπx), then
∫ 1

0
gn(x)gm(x)dx = 0 if m 6= n and 1 otherwise. There-

fore the sequence is orthonormal, and Bessel’s inequality implies that∫ 1

0

a(x) cos(2nπx)/2dx =
1

2
√

2

∫ 1

0

a(x)gn(x)dx→ 0.

∴ f 2
n ⇀

1
2
.

(b) If x(n) converges weakly to x in l2(R,N), show that, for each index i, x
(n)
i → xi.

Solution. Try showing the contrapositive.

Assume ∃j s.t. x
(n)
j 6→ xj. Construct a = (0, . . . , 0, 1, 0, . . . ) ∈ l2, where the 1 is in the

jth place of a. The inner product (x(n) − x, a) = x
(n)
j − xj 6→ 0. So, there exists a ∈ l2

s.t. the inner product doesn’t converge to 0 in R, which implies x(n) 6⇀ x.

∴ x(n) converges weakly to x in l2(R,N), show that, for each index i, x
(n)
i → xi.

(c) Using part (b), or otherwise, show that, for any fixed N , the nonlinear function
fk(x) =

∑k
i=1 x

2
i is a sequentially continuous function with respect to the weak topology.

Solution. Assume x(n) ⇀ x,

=⇒ x
(n)
i → xi ∀i from part (b)

=⇒ x
2(n)
i → x2

i

=⇒
k∑
i=1

x
2(n)
i →

k∑
i=1

x2
i for some k ∈ N

=⇒ fk(x
(n))→ fk(x)

∴ fk is sequentially continuous wrt the weak topology.

(d) Is ||x|| = limk→∞
√
fk(x) continuous with respect to weak convergence?

Solution. No. Consider an = {0, . . . , 0, 1, . . . }, where 1 is in the nth place. This
sequence converges weakly to 0, since test sequences in l2 have terms which go to 0 as
n→∞. However, in the norm, ||an|| = 1 for all n. So, the mapping is not continuous.
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3. X = L2([0, 1]) is a normed linear space, and its dual X∗ = X with the usual inner
product. fn is a sequence in X that converges weakly to an element f ∈ X.

(a) Show that, for all ε > 0, there exists an index N such that for n ≥ N , ||fn||X ≥
||f ||X − ε.

Solution. If ||f ||2 = 0, then for all ε > 0, and all n ∈ N, we have ||fn||2 ≥ ||f ||2 − ε
since ||fn||2 ≥ 0.

Otherwise, notice that

lim
n→∞

∫ 1

0

fn(x)f(x)dx→ ||f ||2X .

Now, pick ε > 0, ∃N ∈ N s.t. ∀n ≥ N ,∫ 1

0

fn(x)f(x)dx ≥ ||f ||2X − ε||f ||X

and by Hölder’s inequality∫ 1

0

fn(x)f(x)dx ≤
∫ 1

0

|fn(x)f(x)|dx ≤ ||fn||X ||f ||X .

Combine the last two equations to get

||fn||X ||f ||X ≥ ||f ||2X − ε||f ||X .

Divide through by ||f ||X to get the desired result

||fn||X ≥ ||f ||X − ε.

(b) If in addition, we know that ||fn||X → ||f ||X , show that ||fn − f ||X → 0, i.e. the
sequence fn converges strongly!

Solution. First look at the expression for ||f − fn||2X .

||f − fn||2X = ||f ||2X + ||fn||2X − 2

∫ 1

0

fn(x)f(x)dx.

Use the previous result of part (a) for n > N ,

||f ||2X + ||fn||2X < 2||f ||2X + ε.

Use the above step to get

2

∫ 1

0

fn(x)f(x)dx > 2(||f ||2X − ε).

Now combine these pieces in the expression for the normed difference of fn − f .

||f − fn||2X < 2||f ||2X + ε− 2(||f ||2X − ε) = 3ε.

Since our choice of ε is arbitrary, ||f − fn||2X → 0 =⇒ ||f − fn||X → 0

∴ fn converges strongly.
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4. fα : X → R is a family of functions from a set X into R that is indexed by α ∈ A.
For every pair of distinct elements x 6= y in X, there is an index γ ∈ A such that
fγ(x) 6= fγ(y).

(a) If T is a topology on X such that all the functions fα are continuous, show that T
is Hausdorff.

Solution. Assume all of the fα are continuous from X → R and that ∃γ s.t. fγ(x) 6=
fγ(y) when x 6= y. Pick open balls Vx, Vy centered at x, y, respectively, in R s.t. if
d(fγ(x), fγ(y)) = c, then Vx = B c

3
(fγ(x)) and Vy = B c

3
(fγ(y)). Notice that Vx∩Vy = ∅.

Since the fα’s are continuous, f−1
γ (Vx) and f−1

γ (Vy) are open in X. Notice now that
f−1
γ (Vx ∩ Vy) = ∅ = f−1

γ (Vx) ∩ f−1
γ (Vy). So, for any x 6= y in X, we have found open

sets containing x, y respectively whose intersection is empty.

∴ T is Hausdorff.

(b) Problem 3.7.35 of Prof. Flaschka’s notes.

Is the weak topology on l2(R,N) Hausdorff?

Solution.

Claim. The weak topology on l2(R,N) is Hausdorff.

Proof. The structure of open sets in the weak topology is the finite intersection of the
pullback of open intervals in R by continuous functions’ inverses. That is,

Uγ =
⋂
α∈A

f−1
γ ((aα, bα)).

It will suffice to show that there exists arbitrary open sets U, V that contain two distinct
points whose intersection is empty. Pick f to be a linear mapping that takes a sequence
in l2 to the ith projection of the sequence in R. That is, π(x) = xi, where x ∈ l2 and
xi ∈ R. So, the pullback of π−1(xi) will be the finite intersection of open sets that
contain all such sequences in l2 s.t. the ith element of the sequence is xi. Take an
ε-ball in the metric topology on R centered about xi and take another ε-ball centered
about some other point yi 6= xi s.t. Bεx(xi) ∩ Bεy(yi) = ∅. Since there is no overlap
between the balls, the pullback of each set will be both open and distinct. So, if we
define U =

⋂
π−1(Bεx) and V =

⋂
π−1(Bεy), U ∩ V = ∅. So, given arbitrary x 6= y, I

have found open sets which contain x and y that have empty intersection.

∴ l2(R,N) is Hausdorff.

5. Weak convergence with the energy ”leaking away to infinity”.

For all g ∈ L2(R), it can be shown that

lim
m→∞

∫ M

−M
|g(x)|2dx = ||g||22 <∞.

Use this to solve Problem 3.7.36 of Prof. Flaschka’s notes.
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Let f ∈ L2
0(R), and define fn(x) = f(x − n). Show that fn ⇀ 0. (Hint: Use the

criterion of Proposition 3.7.13. Break the integral
∫
gfndx into two pieces, and use

Hölder’s inequality on each piece.) Show that the sequence does not converge strongly
to 0.

Solution. Since ||g||22 =
∫∞
−∞ |g(x)|2dx, it follows that ∀g ∈ L2(R) and for all ε > 0,

there exists an M <∞ s.t.∫
|x|>M

|g(x)|2dx = ||g||−2
∫ M

−M
|g(x)|2dx < ε

that is, we can find a range [−M,M ] such that the ”energy” in the L2 function outside
this range (”in the tails”) is smaller than a prescribed threshold epsilon > 0.

If ||f ||2 = 0, there is nothing to show. Otherwise, given ε > 0, f, g ∈ L2(R), there exist
M1,M2 finite s.t.∫

|x|>M1

|g(x)|2dx < ε2

4||f ||22
,

∫
|x|>M2

|f(x)|2 < ε2

4||g||22
.

Let N be a natural number greater than M1 +M2. Then, for all n ≥ N , we have∫
R
f(x− n)g(x)dx =

∫ M1

−∞
f(x− n)g(x)dx+

∫ ∞
M1

f(x− n)g(x)dx

≤ ||g||2
ε

2||g||2
+ ||f ||2

ε

2||f ||2
= ε

where we have used Hölder’s inequality to obtain the second line along with the esti-
mates∫ M1

−∞
[f(x− n)]2dx =

∫ −(n−M1)

−∞
|f(x)|2dx ≤ ε2

4||g||22
,

∫ ∞
M1

|g(x)|2dx ≤ ε2

4||f ||22
.

Since ||f(x − n)||2 = ||f ||2, the sequence fn(x) = f(x − n) does not converge to zero
strongly, but the above calculation shows that it does converge to zero weakly.

6. Is the weak topology on l2 first countable?

(a) Problem 3.7.38 of Prof. Flaschka’s notes.

Let x(m,n) ∈ l2(R,N) be the sequence whose mth entry is 1, nth entry is m, and all other
entries are 0. Show that 0 is in the closure in the weak topology of A = {x(m,n)|1 ≤
m < n}. Show that no sequence of elements in A converges weakly to 0.

Solution. We will first show that zero is in the weak closure of the set A.

Proof. Since A ⊂ l2, the dual space is also l2 and every β ∈ l2 determines a bounded
linear functional by the ”inner-product”

f(x) = 〈β, x〉 =
∞∑
i=1

βixi.
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Therefore from the form of the x(m,n) ∈ A,

f(x) = βm +mβn.

Claim. Given β ∈ l2 and ε > 0,∃m,n ∈ N s.t. |〈β, x(m,n)〉| < ε.

Since β ∈ l2, βi → 0 so there is an index m s.t. for all k ≥ m, |βk| < ε/2 and there exists
n s.t. for all k ≥ n we have |βk| < ε/(2m). Therefore, |〈β, x(m,n)〉| ≤ |βm +mβn| < ε.

Assume U 3 0 is open in the weak topology. Then there exists a finite collection of k
bounded linear functionals f1, f2, . . . , fk and open intervals (a1, b1), (a2, b2), . . . , (ak, bk)
s.t.

0 ∈
k⋂
j=1

f−1
j

(
(aj, bj)

)
⊆ U.

Since fj(0) = 0 for all j, 0 ∈
⋂k
j=1(aj, bj) so the intersection is a non-empty open set

containing zero. Therefore, ∃ε > 0 s.t. 0 ∈ (−ε, ε) ⊂ (aj, bj) for j = 1, 2, . . . , k.

Corresponding to each fj, there is a l2 sequence β(j) s.t. fj(x) = 〈β(j), x〉. Define a se-

quence γ by γi =
∑k

j=1 |β
(j)
i |. By the triangle inequality, we get ||γ||2 ≤

∑k
j=1 ||β(j)||2 <

∞ and for all x(m,n) ∈ A we have

〈γ, x(m,n)〉 =
k∑
j=1

|β(j)
m |+m

k∑
j=1

|β(j)
n | ≥

∣∣β(l)
m +mβ(l)

n

∣∣ =
∣∣〈β(l), x(m,n)〉

∣∣
for l = 1, 2, . . . , k. From the above claim, and construction of ε, we see that there exist
m,n ∈ N s.t. fj(x

(m,n)) ∈ (aj, bj) for j = 1, 2, . . . , k so that x(m,n) ∈ U ∩ A. Since
U 3 0 was arbitrary, this proves that 0 ∈ Ā.

Next, we will show, by contradiction, that no sequence in A converges to 0.

Proof. Suppose there does exists a sequence of elements in A that converge to 0
weakly. We call this sequence xk ∈ A. Therefore, xk = x(mk,nk) where nk > mk ≥ 1.
By hypothesis, for all β ∈ l2, we have

〈β, xk〉 = βmk
+mkβnk

→ 0, ask →∞.

Consider the sequence defined by βi = 2−i. This sequence is in l2, and therefore we
obtain the condition that

〈β, xk〉 = 2−mk +mk2
−nk → 0.

Since the 〈β, xk〉 ≥ 2−mk , a necessary condition for 〈β, xk〉 → 0 is that mk →∞ as k →
∞. Therefore we can choose any value M , if we set ε = 2−M , we see that there exists
N <∞ s.t. for all k > N , 2−mk < ε =⇒ mk > M . If we set k∗ = max(M + 1, N), we
see that there exists k∗ s.t. mk∗ > k∗ > M . Therefore, taking M = 1 we find k1, s.t.
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mk1 > k1 > 1 and nk1 > mk1 > 1 and x(mk1
,nk1

) = (. . . , 0, 1, 0, . . . ,mk1 , . . . ). Define the
first nk1 elements of a sequence z by

zj =

{
0 1 ≤ j < nk1
1/mk1 j = nk1

.

Note that nk1 > mk1 > 1 and independent of the rest of the terms zj, we have 〈z, xk1〉 =
1.

We now extend this construction recursively. Assume (by induction) that nki−1
>

mki−1
> ki−1 > i− 1 and, letting M = nki−1

in the above argument, we can find ki s.t.
nki

> mki
> ki > nki−1

. For nki−1
< j ≤ nki

define the terms zj in the sequence z by

zj =

{
0 nki−1

≤ j < nki

1/mk1 j = nki

.

It is clear that nki
> mki

> i and independent of the rest of the terms zj, we have
〈z, xki

〉 = 1.

Since xk converges to zero weakly, we have 〈z, xk〉 → 0. But, given any N ∈ N, we know
from the above construction that kN > N and 〈z, xkN

〉 = 1 contradicting 〈z, xk〉 → 0.

∴ no sequence in A converges to 0

(b) Use this to show that there is no metric on l2(R,N) that generates the weak
topology.

Solution. Suppose that a metric does generate the weak topology. Every metric
topology is first countable, and in a first countable topology, a point x ∈ Ā iff there
exists a sequence x(n) ∈ A which converges to x. From part (a), we know that 0 is a
point of closure of A, but that there doesn’t exist a sequence which converges to 0 in
A. This is a contradiction. Tweak is therefore not first countable, and therefore not a
metric topology.

∴ there is no metric on l2(R,N) that generates the weak topology.
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